In this work, linear matrix inequality (LMI) 
Introduction
Techniques for damage detection and health monitoring of structural systems are essential to determine their safety, reliability and operational life. For example, regular monitoring and assessment of the structural integrity of the International Space Station ͑ISS͒ would be necessary to estimate potential damage by micrometeoroids and orbital debris impact, space shuttle dockings and fatigue due to nominal loading or accidents. The structural health monitoring problem consists of obtaining information about the existence, location and extent of damage in structures using nondestructive methods. Modal and structural dynamic data can be utilized for cost-effective health monitoring and operational life assessment without a need for dismantling the structure.
Damage detection of structures using changes in dynamic response has received great attention recently for mechanical, aerospace, and civil engineering applications ͓1-3͔. The main idea behind this framework is that changes in the system due to damage will manifest itself as changes in natural frequencies and mode-shapes. Several studies and experiments have confirmed this relationship for localized damage such as cracks, notches or other macroscopic geometric changes, e.g., see ͓4-7͔. However, these methods might be unable to detect small changes such as cracks at the microscopic level.
Most prior work on damage detection of structures using measured frequencies and mode-shapes has been directed towards the general framework of finite element model ͑FEM͒ refinement methods. The motivation behind these techniques is the need to refine and ''validate'' FEM structural models before their acceptance as accurate models of the structure ͓8͔. Model updating, model correction and health monitoring approaches have attracted substantial attention in the past few years, as is evident from several recent review articles ͓9-11͔. Optimal matrix update methods that seek to determine the system property matrices, such as the stiffness matrix, using measured test data have been used extensively for FEM refinement and damage detection. Health monitoring information can be associated with changes in the system matrices, for example stiffness reduction can be attributed to damage. In their work on optimal orthogonalization of measured modes Baruch and Bar Itzhack ͓8͔ obtained a closed-form solution for the minimum Frobenius norm adjustment to the massweighted structural stiffness matrix that incorporates the measured frequencies and mode shapes. However, the zero/nonzero sparsity pattern of the original stiffness matrix may be destroyed. Algorithms by Kabe ͓12͔, Kammer ͓13͔, Smith and Beattie ͓14͔ and Smith ͓15͔ have been developed recently to preserve the original stiffness matrix pattern, thereby preserving the original load paths of the structural model. In ͓16͔, alternating projection methods have been used successfully to preserve the stiffness matrix properties for localized damage detection and FEM refinement. Parameter updating methods that are based on element-by-element adjustments of the FEM have been examined in the past. In the parameter update formulation, the estimated system property matrices are constructed using the estimates of the structural parameters and the intrinsic FEM connectivity properties of the model are preserved. Many parameter update algorithms have been introduced in the past based on sensitivity methods ͓17͔, hybrid formulations ͓18͔, and genetic algorithms ͓19͔.
In addition to the above optimal matrix update and parameter update methods, control-based eigenstructure assignment techniques have been recently proposed to determine the pseudocontrol which would be required to produce the measured modal properties ͓20͔. Also, a Minimum Rank Perturbation Theory ͑MRPT͒ approach has been developed by Kaouk and Zimmerman ͓21-23͔ which is specifically formulated to exploit the finite element representation of structural damage.
In the present work, novel linear matrix inequality ͑LMI͒ methods are proposed to provide improved and computationally efficient optimal matrix and parameter update methods for model refinement and damage detection subject to noisy measurements. LMI based computational methods have been introduced recently in control system design problems taking advantage of the specialized matrix inequality structure of these problems ͓24,25͔. Efficient interior point-optimization algorithms can solve LMIs in polynomial time, and user-friendly computational software packages have been developed recently that implement these algorithms ͓26͔. In this paper, we provide an LMI formulation and solution to the damage detection and model refinement problems using both a matrix update and a parameter update approach. The proposed LMI methods are used to detect damage in simulation examples and in an aluminum cantilevered beam using experimental data obtained from modal tests conducted at the University of Houston's Dynamic Systems Control Laboratory ͑DSCL͒.
Problem Formulation
Consider an undamped n degree-of-freedom ͑DOF͒ finite element model of a structure represented by the general equation of motion
M q ϩKqϭ0
( 1) where M and K are the nϫn analytical mass and stiffness matrices respectively, and q is an nϫ1 vector of displacements. We assume that the FEM ͑1͒ is a refined model of the structure; that is, the measured and analytical modal properties are in agreement. The damage detection problem consists of using measured mode shapes and natural frequencies to compute the structure's stiffness matrix and to make an assessment of the location and extent of damage based on stiffness reduction at individual structural elements. The eigenproblem of Eq. ͑1͒ is given by
where i and v i denote the ith natural frequency and the ith corresponding modeshape, respectively, of the healthy structure. These mode shapes are chosen to be mass-normalized, that is
Suppose that a post-damage modal test provides a set of natural frequencies and mode-shapes di and v di , iϭ1,...,p where p Ӷn. In this work, it is assumed that the dimension of the measured mode-shapes is the same as the analytical mode-shapes. The post-damage eigenvalue problem is now
where K d denotes the stiffness matrix of the damaged structure. We have assumed that the effect of damage on the mass properties of the structure is negligible. The set of eigenequations ͑3͒ can be written in a matrix form as follows
where
.., dp ) is the pϫp diagonal matrix of measured frequencies, and V d ϭ͓v d1 ,v d2 ,...,v dp ͔ is the nϫp mass-orthogonal modal matrix. The damage detection problem reduces to computing the damaged stiffness matrix K d from the eigen-measurements di and v di . Given the measured natural frequency matrix ⍀ d and the measured modeshape matrix V d , the optimal matrix update of Baruch and Bar Itzhack provides the optimally modified stiffness matrix K d that solves the following minimization problem
where ʈ•ʈ denotes the Frobenius norm of a matrix. A closed-form solution to the above minimization problem is given by
Hence, the Baruch/Bar Itzhack formula ͑7͒-͑8͒ provides the closest matrix update that is consistent with the measured modal data. Although the positive-definiteness of the stiffness matrix is guaranteed in ͑7͒, the structural connectivity as represented by the zero/nonzero pattern of the structural stiffness matrix is lost in the process.
To preserve structural connectivity and to obtain more accurate damage detection information, in this work we seek to solve the following optimal matrix update problem
subject to the eigenequation constraint ͑4͒ and a sparsity constraint on the solution matrix K d . We define an nϫn structural stiffness matrix 
where ⑀ n is a small positive number whose value depends on the noise level of the experimental data. Obviously, when ⑀ n →0, the eigenequation ͑4͒ is recovered. Therefore, the optimal matrix update problem we seek to solve is the following:
Optimal Matrix Update Problem:
subject to
The above matrix update approach calculates the overall change in the structural stiffness matrix in a global fashion but ignores the inherent connectivity properties of the FEM of the structure. To take advantage of the FEM connectivity, a parameter update formulation of the noisy damage detection problem can be developed that explores the element-by-element construction of the FEM stiffness matrix. To this end, the identified structural stiffness matrix K d can be decomposed as
where p i are scaling parameters such that 0Ͻp i р1, K i is the nominal elemental stiffness matrix that corresponds to the ith element of the FEM, and N is the number of elements in the FEM. The healthy structural stiffness matrix K corresponds to
although, if p i Ͻ1 for some i, then the structure has been damaged at the ith element. The parameter update problem now requires the solution of the following optimization problem:
Optimal Parameter Update Problem:
Notice that sparsity of the identified stiffness matrix K d is guaranteed in the parameter update formulation because of the sparsity of the elemental stiffness matrices K i .
Linear Matrix Inequalities
A linear matrix inequality ͑LMI͒ is an affine vector-valued function of the form
where xϭ͓x 1 x 2 ...x m ͔ T R m is the parameter vector, F i ϭF i T R lϫl are given constant symmetric matrices, and Ͼ denotes the positive-definite ordering of matrices, that is, u T F(x)uϾ0, for all u 0 in R m ͓24͔. The definition ͑20͒ includes the constraints A(x)Ͻ0 and A(x)ϾB(x) since they can be rewritten as ϪA(x) Ͼ0 and A(x)ϪB(x)Ͼ0, respectively. The LMI ͑20͒ defines a convex set Lϭ͕x:F(x)Ͼ0͖, that is, for any vectors x 1 and x 2 that satisfy ͑20͒, the convex combination x 3 ϭx 1 ϩ(1Ϫ)x 2 also satisfy ͑20͒ for any 0ϽϽ1. Notice that multiple LMIs F
(1) (x) Ͼ0, F (2) (x)Ͼ0,...,F ͕ j͖ (x)Ͼ0 can be expressed as a single LMI diag(F (1) (x),...,F ͕j͖ (x))Ͼ0. Therefore we will make no distinction between a set of LMIs and a single LMI.
For our purposes, the following optimization problem of minimizing a linear function subject to an LMI constraint is of interest
subject to ͑20͒ where cR m is a given constant vector. Convexity of the LMI constraint set L guarantees that this problem has a unique solution. This optimization problem is often referred to as the LMI eigenvalue optimization problem ͓24͔.
Efficient computational algorithms that exploit the convexity and the special structure of the eigenvalue LMI optimization problem have been recently developed for solution. These algorithms utilize novel interior point methods for solution and they have polynomial convergence, that is, the solution time increases polynomially with the problem size m. User-friendly software packages for the solution of LMI problems have been developed recently based on these algorithms ͓26͔.
Damage Detection and Model Refinement Using LMIs
In this section we seek to formulate the optimal matrix update and parameter update problems as LMI eigenvalue optimization problems. To formulate the matrix update optimization cost ͑17͒ as an LMI optimization, notice that the norm constraint ʈ XʈϽ1 is equivalent to the LMI constraint
where the slack matrix parameter variable SϭS T has been introduced ͓24͔. Hence, ͑17͒ corresponds to the LMI eigenvalue optimization
Similarly, the eigenequation constraint ͑10͒ can be written in an LMI form as follows
Finally, notice that the K-sparsity constraint on K d can be satisfied by enforcing the appropriate sparsity pattern on the solution of the LMI optimization ͑24͒. Hence, the optimal matrix update problem is equivalent to the following LMI eigenvalue optimization:
LM1 Formulation of the Optimal Matrix Update Problem:
Similarly, the parameter update optimization problem ͑17͒ is equivalent to the following LMI eigenvalue optimization:
LMI Formulation of the Optimal Parameter Update Problem:
An estimation of the scalar noise parameter ⑀ n is needed to provide an accurate detection of damage in the presence of noise. Assuming that the natural frequencies di ,iϭ1,...,p can be measured accurately, and that measurement noise mainly affects the measurement of the mode shapes v di , iϭ1,...,p, an estimate of the noise parameter ⑀ n can be obtained from the system eigenequation as follows: Let V d denote the noisy ͑experimental͒ mode shape matrix and V d be the exact mode shape matrix. Then,
where ⌬V d ϭV d ϪV d and the eigenequation for the exact eigendata has been used. Hence, a bound for the left-hand-side of ͑34͒ can be computed as follows:
, that is the overall magnitude of the stiffness matrix due to damage is not changed significantly, and that ʈ ⌬V d ʈ ϭrʈV d ʈ where the scalar r is the mode shape measurement noise level, an upper bound estimate for the noise parameter ⑀ n from the measured modal data is:
A practical estimate for the measurement noise level is rϭ0.08 Ϭ0.1.
Simulation Examples
To evaluate the performance and validate the proposed LMIbased damage detection algorithms we consider the FEM of a 12-DOF axially vibrating bar ͑Fig. 1͒.
Simulated damage is induced in this model by reducing the stiffness coefficients of the elements 3, 7 and 10 to 33.3 percent, 55.5 percent and 77.7 percent, of their initial ͑healthy͒ values, respectively. We seek to detect this simulated damage using ''noisy'' modeshape data. The ''noisy'' mode-shapes are generated by corrupting the exact modeshape data as follows
where V d * is the exact mode-shapes matrix of the damaged structure, R is a random matrix and ‫ؠ‬ denotes the element-by-element multiplication of two matrices. The entries of the random matrix R are uniformly distributed in an interval
where is a parameter in the interval ͓0 1͔ that determines the noise level. For ϭ0 there is no noise in the mode-shapes, although ϭ1 corresponds to mode-shapes that are 100 percent corrupted by noise.
Both the optimal matrix update and the optimal parameter update methods are implemented to detect the above simulated damage for different noise levels: ϭ0, 3% and 5%.
The corresponding LMI eigenvalue optimization problems ͑27͒ and ͑31͒ are solved using the MATLAB LMI Toolbox ͓26͔.
In the absence of noise, i.e., for ϭ0, the matrix update damage detection approach results in the exact estimation of the simulated damage using only the two first mode-shapes and natural frequencies of the damaged model. Figure 2 shows a mesh plot of the absolute values of the entries of the error matrix ⌬KϭKϪK d that result in this case. In the presence of noise, the accuracy of the damage estimation is affected based on the noise levels and the number of available eigendata. Figures 3 and 4 show the mesh of the damage error matrix ⌬K in the presence of 3 percent and 5 percent noise, respectively, when nine mode-shapes and natural frequencies are available. The damage location and extent is very accurately predicted. Figures 5 and 6 show ⌬K for 3 percent and 5 percent noise when five modes are available. Notice that the results are corrupted by the presence of noise; however, the damage location and extent information can be extracted fairly accurately. Notice that the above mesh plots have been rotated by 90 deg to depict the results more clearly. The behavior of the parameter update damage detection approach is similar. Figure 7 shows the damage indication parameters d i ϭ1Ϫp i for 0 percent noise when two modes are used. Recall that d i ϭ0 corresponds to no damage although d i ϭ1 corresponds to 100 percent damage. Exact damage location and extent information are obtained for ϭ0. Figures 8 and 9 show the damage indication parameters for 3 percent and 5 percent noise when nine modes are available. Damage identification is very accurate. Figures 10 and 11 show the d i 's for 3 percent and 5 percent noise when five modes are used. Damage identification is still fairly accurate, although the effects of noise are present. Table 1 shows the values of stiffness parameters p i for each case that was examined.
The above results indicate that the proposed LMI-based damage detection schemes provide satisfactory detection of the damage location and extent in the presence of noise. Transactions of the ASME
Experimental Study
An aluminum cantilevered beam test-bed was used for the experimental validation of the proposed LMI-based damage detection schemes. The beam was cantilevered using a heavy machine vice. The dimensions and properties of the beam structure are shown in Table 2 . Damage was inflicted in the aluminum beam by cutting a 1 inϫ1 in square hole near the base. A schematic representation of the damaged beam is shown in Fig. 12 .
Seven accelerometers were mounted on the beam at equally spaced locations as shown in Fig. 12 . An impact hammer was used to excite the structure. All the modal test experiments were conducted at the University of Houston's Dynamic Systems Control Laboratory ͑DSCL͒. The experimental set-up is shown in Fig.  13 .
A simple FEM of the beam was developed using seven beam elements with two degrees of freedom at each node-translation and rotation. Initially, modal tests were conducted with the healthy beam to validate and refine the healthy FEM. Impact and exponential windows were utilized to improve frequency calculations. At each measured degree of freedom, three frequency measurements were made and averaged to reduce the effects of measurement noise. The modal properties of the first five bending modes of vibration were determined using the Autonomous Eigen-Realization Algorithm ͑ERA͒ ͓27͔.
Since only the translational DOFs were measured in this experiment, the dimension of the experimentally obtained mode-shapes was less than that of the analytical mode-shapes. To address this dimensionality discrepancy, a dynamic expansion method was used to expand the measured mode-shapes to the dimension of the analytical mode-shapes. The dynamic expansion is derived from the equation of motion at each particular frequency, including the inertia effects, in contrast to the conventional static ͑Guyan͒ expansion ͓28͔.
The LMI-based optimal parameter update method presented in Section 4 was used for model refinement to provide FEM consistent results. The updated stiffness parameters are shown in Table  3 .
The first four measured modes of vibration were used in the damage detection experiment. Both optimal matrix update and optimal parameter update results were used to detect the location and extent of the damage. The optimal matrix update method provides the perturbation ⌬KϭKϪK d of the structural stiffness Table 3 Updated stiffness parameters using the LMI method: healthy structure matrix due to the damage. This result is shown in Fig 14. Notice that for clarity the plot has been rotated by 90 deg. The damage location in the first element of the structure is clearly depicted.
Based on the identified structural stiffness matrix perturbation, the extent of the damage, that is the reduction of the elemental stiffness, is calculated as (⌬K/K)ϫ100 percentϭ32 percent. An analytical calculation of the loss of stiffness using a detailed finite element computation provides an elemental stiffness reduction of approximately 14 percent. The difference is attributed to the non-FEM consistent nature of the matrix update problem.
The optimal parameter update method directly provides the elemental stiffness reductions due to damage. The LMI parameter update method resulted in the values in Table 4 for the damaged stiffness parameters p i . Figure 15 shows the estimated elemental stiffness reduction from the above results. The damage in the first element of the beam is 18 percent. Hence, the parameter update method provides a more accurate estimation of the extent of the damage.
For comparison, Fig. 16 shows the stiffness matrix perturbation that corresponds to the above stiffness parameter update. Notice that damaged stiffness matrix in this case is FEM consistent.
Conclusions
In this work, LMI methods have been proposed to solve damage detection and model refinement problems in structures based on noisy modal data. Optimal matrix update and optimal parameter update problems have been formulated as LMI eigenvalue optimization problems that can be solved efficiently using recently developed interior point optimization algorithms. The techniques have been applied to detect damage in simulated examples and in an aluminum cantilever beam test-bed using experimental modal data. Expansion of the experimental modal data was necessary to generate approximations of the unmeasured DOFs. Both the LMI matrix update and the LMI parameter update resulted in accurate detection of the location of the damage. However, the LMI parameter update method provided a more accurate determination of the extent of the damage due to the FEM consistency of the method.
Nomenclature
M ϭ analytic mass matrix K ϭ analytical ͑healthy͒ stiffness matrix K d ϭ damaged stiffness matrix di ϭ measured natural frequencies v di ϭ measured mode shapes ⍀ d ϭ measured natural frequency matrix V d ϭ measured mode shape matrix q ϭ generalized coordinates vector 
